Juan Andrés Cabral

Derivative of a system of implicit equations

The first equation represents the identity of aggregate income, where Y is income, C' is consumption,
Iy is exogenous investment, and Gy is exogenous government spending:

Y =C+1Iy+ Gy
The consumption function depends on basic needs (o) and disposable income:
C=a+pB-(Y-T)"?

where 0 < < 1
Private taxes T consist of a subsidy (7) and a proportional tax () on income:

T=174+¢Y

with7<0and 0 < p <1
Endogenous variables: Y, C,T Exogenous variables: Iy, Gg,a, 5,7,

It is assumed that all parameters satisfy:
Ip >0, Gog>0, a>0, 0<8<1l, 7<0, 0<p<l, Y>1

In addition:
Bl —¢)
2/(1—9)Y =71

0< <1

1. What is the effect of an increase in Gy on consumption?

2. What is the effect of an increase in the marginal propensity to consume § on income Y? Hint: insert
T from the third equation into the second.
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Solution

1)

After substituting
T=7+4+¢Y

into the consumption function,

C=a+pVY—(71+¢Y)=a+/1—-9)Y -7

the system reduces to two equations in Y and C:

Y -C—Ip—Gy=0 (1)
C—a—-08y/1-p)Y —7=0 (2)
We define
B(—e)

Ty =Y =7
We differentiate (1) and (2) implicitly with respect to G (keeping Iy, o, 8, T, ¢ constant):

dy — dC

=
G,  dGy
dy dC

_,ydiGo—i_diGo_

In matrix form:

dy
IS A e
(—v L ) ¢ <O>
dGy
%et A be the coefficient matrix and A, the matrix obtained by replacing the second column of A with
(1,0)". Then,

1 -1 1 1
detA_‘_7 1 ‘—1—7, detAQ—‘_ 0‘_
By Cramer’s rule,
dC  detAy v
dGy detA  1—~
Since 0 < v < 1, we conclude:
ac v >0
(],Go a 1— Y
that is, an increase in (G raises consumption C
2)
After substituting
T=714+¢Y
into the consumption function,
C=a+py1—-9)Y -7
the system becomes:
Y —C—Ip—Gy=0 3)

C—a—-08y/1-p)Y —7=0 (4)
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Let
2
25
We differentiate (3) and (4) with respect to 8 (keeping Iy, Gy, v, T, ¢ constant):

S=v(1—-9Y -, 0=

oy _oC _,
96~ 95
s 0C

96 " 98

(e 1)) ()

The determinant of the coefficient matrix is:

A = det (_}35 11) —1-86

=S

In matrix form:

By Cramer’s rule,

al_io -1 s 1-@)Y —71
B AlS 1 _1f55_1_ﬁ l—¢
2/ (1=9)Y — 1
oy (1-9)Y —7
E— ‘3(1739) >0

1PV
2\/(1=)Y — 1

since /(1 —¢)Y =7 >0and 1 - 56 >0


https://cabraljuan.github.io

